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Abstrat
We study the physial onsequenes of two diferent but losely re-
lated perturbation shemes applied to the Einstein-Maxwell equations.
In one ase the starting spae-time is at while in the other ase it is
Shwarzshild. In both ases the perturbation is due to a ombined ele-
tri and magneti dipole eld. We an see, within the Einstein-Maxwell
equations a variety of physial onsequenes. They range from indued
gravitational energy-momentum loss, to a well dened spin angular mo-
mentum with its loss and a enter-of-mass with its equations of motion.
1 Introdution
Reently, using the spin-oeient (SC) formalism[1℄, a perturbation sheme
for a simple model using the Einstein-Maxwell equations was desribed[2, 3℄.
Pure eletri and magneti dipole radiation was onsidered as a rst order per-
turbation o a at spae bakground. It was shown that this in fat leads to
a seond-order perturbation in the gravitational eld (the Weyl tensor), and in
turn a perturbed seond order metri. Some interesting results were obtained
by simply looking at the asymptoti Weyl tensor; these inluded the existene
of a Bondi news funtion reated by the dipole radiation with the aompanying
lassial Bondi gravitational and eletromagneti energy-loss. A pretty result
was that one ould identify, in the Bianhi Identities, the lassial eletromag-
neti angular momentum loss[4℄.
In the present work, we apply this sheme to more ompliated perturba-
tions. We nd, perturbatively, two dierent versions of what ould be loosely
haraterized as generalized Reissner-Nordström spae-times; that is, metris
with a mass and Coulomb harge, but now with eletromagneti dipole radia-
tion. In one ase (perturbations o Shwarzshild) we onsider the mass to be
zeroth order and the harge and dipole elds to be rst order. In the seond
1
ase (perturbations o at spae) we onsider the mass, the harge and dipole
eld all to be rst order.
In Setion II, the Maxwell equations, for both perturbation types, are rst in-
tegrated. (It does not atually matter in whih bakground [at or Shwarzshild[
this integration ours for these two ases.) Next, (Setions III and IV) with
the Maxwell eld in the stress tensor as the soure, we integrate the Bianhi
identities obtaining the radial and non-radial behavior of the Weyl tensor. We
then probe further the asymptoti behavior of the Weyl tensor, in partiular
looking at the angular momentum loss and Bondi energy-momentum loss the-
orem as well as dynamial equations for the motion of the enter of mass and
harge. Dierent physial onsequenes for the two dierent perturbations are
disovered.
For ompleteness, in Setion V the full behavior of the seond order metri
is presented. Se. VI ontains the disussion, while an appendix ontains full
expressions for the Weyl tensor and spin oeients.
2 The Maxwell Field
We work in the Bondi oordinate system (u, r, ζ, ζ¯) , where u labels the light
ones,C, with apex on a time-like world-line, r is the ane parameter along
the null geodesis, and ζ = cot(θ/2)eiφ is the omplex stereographi angle la-
beling the null geodesis on C. Furthermore, we hoose the Bondi null tetrad
{la, na,ma, m¯a} suh that the vetor la is tangent to the null geodesi ongru-
enes. This, along with the hoie of la as a gradient, xes the spin oeients
κ, π, ε, ρ, and τ as [5℄: κ = π = ε = 0, ρ = ρ¯, and τ = α¯ + β. In the
Shwarzshild spae-time, this xes the set of SCs as[6℄:
κ = π = ε = σ = τ = ν = λ = 0, (1)
ρ = −r−1,
α = − ζ
2r
≡ α
0
r
,
β =
ζ¯
2r
≡ β
0
r
,
γ =
√
2G
r2c2
MS
µ = −1
r
+
2
√
2G
r2c2
MS.
The at spae Minkowski set of SCs are obtained simply by setting the
Shwarzshild mass, MS, equal to zero. In both ases it an be seen that the
radial and non-radial Maxwell equations are the same[5, 7℄, allowing us to write
down the desired solution whih ontains both a Coulomb harge and radiating
2
eletromagneti dipole given by:
φ0 =
φ00
r3
≡ 2D
i
r3
Y 11i (2)
φ1 =
φ01
r2
+
φ11
r3
≡ q
r2
+
√
2Di′
r2
Y 01i −
Di
r3
Y 01i
φ2 =
φ02
r
+
φ12
r2
+
φ22
r3
≡ −2D
i′′
r
Y −11i +
2
√
2Di′
r2
Y −11i −
Di
2r3
Y −11i .
The three-vetor Di is our omplex dipole moment and an be written as
the omplex superposition of its real eletri and magneti
parts:
Di = DiE + iD
i
M , (3)
while q is our Coulomb harge. At this point, Di may be regarded as an
arbitrary funtion of the retarded time, ur ≡
√
2u. In both perturbation al-
ulations that follow, we will treat both Di and q as being rst-order quantities
in the perturbation. All alulations will be performed to seond order. In
addition we only keep the l = 0, 1, 2 spherial harmonis.
Remark Other papers [8, 9, 10℄have often written Di = qξi, where ξi is a
omplex position vetor. Due to our perturbation formalism, we an make no
suh identiation at this point in the alulation.
Remark Throughout this paper, we denote dierentiation with respet to
Bondi time as: ∂u() = (
·), while dierentiation with respet to the retarded
time, ur =
√
2u, is given as ∂ur () = (
′). Thus, we see that (·) =
√
2(′). In later
setions, when we want to restore units where c 6= 1, we must take (′)→ c−1(′).
The gravitational oupling onstant is k = 2Gc−4.
3 Shwarzshild Bakground Perturbation
We now onsider the Maxwell eld given by Eq.(2) to be a rst order perturba-
tion in the bakground of the Shwarzshild spae-time with the spin-oeients
given by Eq.(1). In what follows, we arry this information, via the stress ten-
sor, into the Weyl tensor by integrating the SC form of the Bianhi identities.
Looking at the asymptoti Weyl tensor omponents we study the physial on-
sequenes (i.e., mass, momentum, angular momentum and equations of motion
seen at null innity) of our model.
3.1 The Radial and Non-radial Bianhi Identities
We are seeking a solution of the Bianhi Identities whih is driven exlusively
by the original Shwarzshild mass (zeroth order) and eletromagneti pertur-
bation; i.e. with no gravitational degrees of freedom. This leads to ψ0 = 0.
3
(This step has been taken by others, e.g., [2, 3℄). The radial Bianhi identities
are then given by [5℄:
∂ψ1
∂r
+
4ψ1
r
=
	
ðψ0
r
+
5kφ00φ¯
0
1
r6
+
kð(φ00φ¯
0
0)− 4kφ00ðφ¯00
r7
, (4)
∂ψ2
∂r
= −3ψ2
r
+
	
ðψ1
r
− 2kφ
0
1φ¯
0
1
r5
+
4k
3r6
[φ01ðφ¯
0
0 + φ¯
0
1
	
ðφ00 −
1
2
ð(φ01φ¯
0
0) +
1
4
	
ð(φ00φ¯
0
1)]
− k
3r7
[
5
2
	
ðφ00ðφ¯
0
0 − ð(φ¯00	ðφ00) +
1
2
	
ð(φ00ðφ¯
0
0) + φ
0
0φ¯
0
0]− k∆
(
φ00φ¯
0
0
3r6
)
+
2
√
2kG
c2
MSφ
0
0φ¯
0
0
r8
,
∂ψ3
∂r
= −2ψ3
r
+
	
ðψ2
r
−kφ
0
2φ¯
0
1
r4
+
k
3r5
[
2φ02ðφ¯
0
0 + 4φ¯
0
1
	
ðφ01−ð(φ02φ¯00) + 2	ð(φ01φ¯01)
]
− k
3r6
[
5
2
	
ðφ01ðφ¯
0
0 +
5
4
φ¯
0
1
	
ð
2
φ00 − ð(φ¯00	ðφ01) + 	ð(φ01ðφ¯00) + 	ð(φ¯01	ðφ00)
]
+
k
12r7
[
2	ð(	ðφ00ðφ¯
0
0)− ð(φ¯00	ð
2
φ00) + 3ðφ¯
0
0
	
ð
2
φ00
]
− 2k
3
∆
(
φ01φ¯
0
0
r5
− φ¯
0
0
	
ðφ00
2r6
)
+
4
√
2kG
3c2
MS
(
φ01φ¯
0
0
r7
− φ¯
0
0
	
ðφ00
2r8
)
,
∂ψ4
∂r
= −ψ4
r
+
	
ðψ3
r
+
	
ð(φ02φ¯
0
1)
r4
− k
2r5
[
	
ð(φ02ðφ¯
0
0) + 2
	
ð(φ¯
0
1
	
ðφ01)− 2φ02φ¯00
]
+
k
4r6
[
2	ð(	ðφ01 ðφ¯
0
0) +
	
ð(φ¯
0
1
	
ð
2
φ00)− 4φ¯00	ðφ01
]
−
k
[
	
ð(ðφ¯
0
0
	
ð
2
φ00)− 2φ¯00	ð
2
φ00
]
8r7
−k∆
(
φ02φ¯
0
0
r4
− φ¯
0
0
	
ðφ01
r5
+
φ¯
0
0
	
ð
2
φ00
4r6
)
− 2
√
2kG
c2
MS
(
φ02φ¯
0
0
r6
− φ¯
	
ðφ01
r7
+
φ¯
0
0
	
ð
2
φ00
4r8
)
.
The dierential operator ∆ is given by: ∆ ≡ ∂u − ∂r + r−2c−22
√
2GMS∂r.
Integration produes the following results. (We relegate the ompliated
terms, Ai, involving higher r-dependene to the appendix, as these are largely
unneessary for the alulations of partiular interest in this paper):
ψ1 =
ψ01
r4
+A1 (5)
ψ2 =
ψ02
r3
+A2 (6)
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ψ3 =
ψ03
r2
+A3 (7)
ψ4 =
ψ04
r
+A4. (8)
Here, the ψ01, ψ
0
2, ψ
0
3 and ψ
0
4 are r - independent funtions of integration,
whih an be determined from the non-radial Bianhi identities, whih take the
form [5℄ :
ðψ01 = 3kφ
0
0φ¯
0
2, (9)
ψ˙
0
1 = −ðψ02 + 2kφ01φ¯02, (10)
ψ˙
0
2 = −ðψ03 + kφ02φ¯02, (11)
ψ˙
0
3 = −ðψ04. (12)
The integration of Eqs.(9)-(12) is relatively straight forward, basially entail-
ing the omparison of spherial harmoni oeients. We make onsiderable
use of Clebsh-Gordon expansions [11℄ of the quadrati terms in the Maxwell
eld. This proess applied to Eq.(9) yields:
ψ01 = 3kD
iD¯j′′Y 12ij + ψ
0 k
1 Y
1
1k. (13)
The vetor ψ0 k1 (ur) emerges as an unknown integration fator in muh the
same way that ψ01 emerged from the integration of the radial equations. Shortly,
however, we will be able to determine ψ0 k1 up to onstants. From Eq.(10), we
nd:
ψ02 = −
2
√
2G
c2
MS +Υǫ + (
√
2
2
ψ0 k′1 + 2kiD¯
i′′Dj′ǫijk)Y
0
1k (14)
+2kqD¯k′′Y 01k +
√
2k(
(DiD¯j′′)′
2
+
D¯i′′Dj′
3
)Y 02ij ,
where the l = 0 funtion Υǫ(ur) is a (rst-order) funtion of integration. Con-
sidering Eq.(11), we reognize that as ψ03 is a spin weighted s = −1 quantity it
has no l = 0 harmoni ontribution. This allows us to both obtain ψ03 as well
as plae a restrition on Υǫ:
ψ03 =
(√
2kiD¯i′′Dj′′ǫijk + 2
√
2ki(Di′D¯j′′)′ǫijk − ψ0 k′′1
)
Y −11k (15)
−2
√
2kqD¯k′′′Y −11k + k
(
1
3
D¯i′′Dj′′ − (DiD¯j′′)′′ − 2
3
(Di′D¯j′′)′
)
Y −12ij ,
Υ˙ǫ =
√
2Υǫ
′ =
4k
3
Di′′D¯j′′δij . (16)
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Finally, we determine both ψ0 k1 and ψ
0
4 from Eq.( 12). We reall that ψ
0
4 is
an s = −2 quantity and hene does not ontain an l = 1 harmoni. The l = 1
harmoni ontributions to the equation thus must vanish yielding a dierential
ondition on ψ0 k1 (ur); the remaining part yields the determination of ψ
0
4:
ψ04 =
√
2k
[
(DiD¯j′′)′′′ +
2
3
(Di′D¯j′′)′′ − 1
3
(D¯i′′Dj′′)′
]
Y −22ij , (17)
ψ0 k′′′1 =
√
2ki[(D¯i′′Dj′′)′ǫijk + 2(D
i′D¯j′′)′′ǫijk + 2iqD¯
k′′′′]. (18)
For later use we deompose Eq.(18) into its real and imaginary parts using
ψ0 k1 = ψ
0 k
1R + iψ
0 k
1I :
ψ01
k′′′
R = 2
√
2k(Dj′MD
i′
E)
′′′ǫijk −
√
2k(Di′′E D
j′′
M )
′ǫijk − 2
√
2kqDk′′′′E (19)
ψ0 k′′′1I = 2
√
2k[(Di′ED
j′′
E +D
i′
MD
j′′
M )ǫijk + qD
k′′
M ]
′′. (20)
Note that the latter equation an be immediately integrated twie as
ψ0 k′1I = 2
√
2k[(Di′ED
j′′
E +D
i′
MD
j′′
M )ǫijk + qD
k′′
M ], (21)
where we have taken the two onstants of integration to vanish while the rst
an be integrated one as:
ψ01
k′′
R =
√
2k[2(Dj′MD
i′
E)
′′ −Di′′EDj′′M ]ǫijk − 2
√
2kqDk′′′E . (22)
Remark: Bramson [3℄,improperly set the ψ0 k1 = 0, apparently overlooking
this dierential ondition.
Remark: There is a further equation (a reality ondition) on ψ02 that plays
a very important role. It however involves a further variable (the spin-oeient
σ0, i.e., the Bondi shear) for its desription.
3.2 Reality Conditions
To more easily see the physial ontent in our equations, we now introdue the
c in all time derivatives, i.e., (′)→ c−1(′).
We turn to the Bondi mass aspet where its reality fores further restritions
on our variables. To proeed, we must rst know the shear i.e., the spin
oeient σ. A more detailed disussion of the spin oeients is given in
Setion V and the Appendix, but it an be seen [2℄ that the behavior of σ does
not hange with the swith from at-spae to a Shwarzshild bakground or
the addition of a Coulomb harge. Thus, we nd[2℄:
σ =
σ0
r2
, (23)
ψ04 = −2c−2σ¯0′′ (24)
σ0 =
√
2k
2c3
[
1
3
∫
(Di′′D¯j′′)dur − (D¯iDj′′)′ − 2
3
(D¯i′Dj′′)
]
Y 22ij . (25)
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Using Eqs.(23) and (25), the Bondi mass aspet[12, 5℄ is given by
Ψ = ψ02 + ð
2σ¯0 +
√
2c−1σ0(σ¯0)′, (26)
and is subjet to the reality ondition:
Ψ = Ψ¯. (27)
As an be seen from Eq.(25), the quantity σ0 is seond order in the per-
turbation, so that it an be negleted in the denition of the mass aspet in
Eq.(26). If we expand the mass aspet in spherial harmonis,
Ψ = Ψ0 +ΨiY 01i + Ψ
ijY 02ij + · · · ,
then from Bondi[12, 5℄, the l = 0 and l = 1 terms, i.e.,
Ψ0 = −2
√
2G
c2
MS +Υǫ = −2
√
2G
c2
MB (28)
Ψi = −6G
c3
P i (29)
are, up to numerial fators, interpreted as the Bondi mass and linear three-
momentum respetively.
From Eq.(26) using Eqs.(14) and (25), we have that:
Ψ = −2
√
2G
c2
MS +Υǫ +
(√
2
2c
ψ0 k′1 +
2ki
c3
D¯i′′Dj′ǫijk
)
Y 01k (30)
+
2kq
c2
D¯k′′Y 01k +
√
2k
6c3
∫
(Di′′D¯j′′)durY
0
2ij .
By the symmetry on the l = 2 ontribution, it follows that Ψij is real. From
the l = 0 ontribution, we see that the Bondi mass is real:
− 2
√
2G
c2
MS +Υǫ = −2
√
2G
c2
MS + Υ¯ǫ = −2
√
2G
c2
MB. (31)
The reality ondition on the l = 1 ondition is a bit more ompliated. First,
we deompose the dipole Di into its eletri and magneti parts,
Di = DiE + iD
i
M ,
and write: ψ0 k1 = ψ
0 k
1R +iψ
0 k
1I . Then the ondition for Ψ
i = Ψ¯i yields two
relations; one on the real and one on the imaginary part of ψ0 k1 . We nd for
the vanishing of the imaginary part ψ0 k1 ,
ψ0 k′1I = 2
√
2kc−1qDk′′M + 2
√
2kc−2(Di′ED
j′′
E +D
i′
MD
j′′
M )ǫijk, (32)
whih is idential to the earlier derived, Eq.(21). The real part leads to an
expression for the Bondi linear momentum
7
Ψk = −6G
c3
P k =
[√
2
2c
ψ0 k1R +
2kq
c2
Dk′E −
2k
c3
(Dj′MD
i′
E)ǫijk
]
′
, (33)
or
P k = −
[
c2
√
2
12G
ψ0 k′1R +
2q
3c3
Dk′′E −
2
3c4
(Dj′MD
i′
E)
′ǫijk
]
. (34)
By taking the ur derivative and simplifying via Eq.(22), we obtain the eletro-
magneti momentum ux law,
P k′ =
1
3
c−4Di′′ED
j′′
M ǫijk. (35)
The imaginary part of the l = 1 harmoni of ψ01, i.e., ψ
0 k
1I , is often, in vauum
linear theory, taken as proportional to the total soure angular momentum as
viewed from innity. This beomes modied[10℄ in the presene of a Maxwell
Field as
ψ0 k1I − 2
√
2kqc−1Dk′M = −
6
√
2G
c3
Jk. (36)
Eq.(32) is seen as the lassial law of onservation of angular momentum for
eletromagneti dipole radiation[4℄ or angular momentum ux law:
Jk′ =
2
3c3
(Di′′ED
j′
E +D
i′′
MD
j′
M )ǫijk. (37)
3.3 Null Rotations and Equations of Motion
We now onstrut a transformation (a null tetrad rotation around na) to what
we dene as the omplex enter of mass[10℄.
Though this is not the plae to go into a detailed explanation [13, 10, 9℄ of
the meaning of the term `omplex enter of mass', nor into the details how it
an be alulated or found, a brief explanation is in order.
In a given asymptotially at spae-time, the family of regular asymptot-
ially shear-free null geodesi ongruenes are determined by 1. the Bondi
asymptoti shear σ0(ur, ζ, ζ¯) and 2. an arbitrary hoie of a omplex world-
line that `lives' in the spae of omplex Poinare transformations (omplex
Minkowski spae), a subgroup of the BMS group ating on I
+. {That an asymp-
totially shear free null geodesi ongruene piks out a omplex world-line in
omplex Minkowski spae is the entral fat in the present disussion. That
it has led to a series of remarkable results[10, 14℄ is the defense[15℄ of its rel-
evane.} A partiular omplex world-line an be hosen so that the asymptoti-
ally dened enter of mass and angular momentum both vanish on it. The basi
variable used to desribe the asymptotially shear-free null geodesi ongruene
is a (stereographi) angle eld, L(ur, ζ, ζ¯) on I
+
that points bakwards into the
spae-time determining a past null diretion at eah point (ur, ζ, ζ¯) of I
+
. The
8
angle eld, for asymptotially shear-free ongruenes, satises the dierential
equation [13℄
ðL+ LL,u= σ
0. (38)
The solution to Eq.(38), (aurate to our working order), is
L(ur, ζ, ζ¯) = ξ
iY 11i −
i
2
ξiviǫijkY
1
1k + · · · , (39)
where ξi(ur) and v
i = ξi′ are respetively the arbitrary omplex world-line and
its veloity. Quadrati terms and high harmonis [10℄ have been omitted.
The transformation (null rotation) on I
+
of the Bondi tetrad ( l, n,m, m¯)
to a new tetrad (l∗, n∗,m∗, m¯∗) (where the l∗ is the null tangent vetor to the
asymptotially shear-free null geodesi ongruene) is given by
l∗ = l +
L
r
m¯+
L¯
r
m+O(r−2) (40)
m∗ = m+O(r−1)
n∗ = n,
Remark We have gone from the Bondi tetrad frame with null vetor l that
is twist free but has shear to a null vetor l∗ that is asymptotially shear-free
but now possesses twist. The twist, Σ, given by
iΣ =
1
2
(ðL¯+
√
2LL¯′ − ð¯L−
√
2L¯L′).
It vanishes, in our approximation, when the world-line ξi is real.
This transformation indues a transformation of the asymptoti Weyl tensor
omponents. In partiular the Weyl omponent ψ01 transforms as
ψ0∗1 = ψ
0
1 − 3Lψ02 + · · · , (41)
The basi physial idea is that in linear theory the l = 1 harmoni omponent
of ψ01 is (usually) taken as proportional to the omplex enter of mass, i.e., the
(real) center of mass+ i angular momentum. Our proedure is now to hose
the arbitrary omplex world-line so that the l = 1 harmoni omponent of ψ0∗1
vanishes. The world-line so obtained is the omplex enter of mass. We thus
have to solve
0 = ψ01i − 3Lψ02|i + · · · (42)
for ξi(ur).
Using Eqs.(13), (14), and (39), Eq.(42) beomes:
0 = ψ0 k1 +
6
√
2G
c2
MSξ
k − 3i
√
2G
c2
MSξ
ivjǫijk. (43)
From Eqs. (18), (32), and (33), we saw that at least up to initial onditions, the
vetor ψ0 k1 is a seond order quantity in our perturbation framework. However
9
by hoosing time-independent rst-order initial onditions, ψ0k1(0), we see from
Eq.(43), that
ξk = −
√
2c2ψ0k1(0)
12GMS
, (44)
i.e., ξk is a onstant vetor and omplex enter of mass is at rest.
In this ase, where ξk is a onstant vetor, the real part an be set to zero
by a Poinaré translation on I+ so that
ξk = ξkI = −
c2ψ0k1(0)
6
√
2GMS
. (45)
Thus, we see that when the mass of the system is onsidered to be zeroth
order, the equation of motion for the enter of mass is trivial: the enter of
mass simply sits on the time axis. Physially, this an be thought of in the
following manner: if MS is the initial Shwarzshild mass, then it is too heavy
for its motion to be aeted by the small eletromagneti perturbation given
by Eq.(2) (at least to seond order in the alulation). We see later that for
small mass the situation is very dierent.
3.4 Physial Interpretations
It turns out that there are a variety of physial interpretations - some new and
some old - to the results of this setion.
First of all when the appropriate units are inserted, Eq.(16) is exatly the
Bondi mass/energy loss equation
M ′B = −
2
3c5
(Di ′′E D
i ′′
E +D
i ′′
MD
i ′′
M ). (46)
At this approximation it oinides with the lassial eletromagneti dipole en-
ergy loss. At another approximation level there would be a forth-order orre-
tion for gravitational energy loss via the square of the Bondi news funtion, i.e.,
quadrupole radiation.
The Bondi momentum loss, given by Eq.(35),
P k′ =
1
3c4
Di′′ED
j′′
M ǫijk (47)
is just the eletromagneti momentum ux.
More interesting is Eq.(32), (or (21)):
ψ0 k′1I = 2
√
2kqc−1Dk′′M + 2
√
2kc−2(Di′ED
j′′
E +D
i′
MD
j′′
M )ǫijk. (48)
The imaginary part of the l = 1 harmoni of ψ01, i.e., ψ
0 k
1I , is often, in vauum
linear theory, taken as proportional to the total soure angular momentum, Jk,
as viewed from innity. This beomes modied[10℄ in the presene of a Maxwell
Field as
Jk = − c
3
6
√
2G
ψ0 k1I +
2q
3c2
Dk′M . (49)
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Eq.(48) is seen as the lassial law of onservation of angular momentum[4℄
for eletromagneti dipole radiation:
Jk′ =
2
3c3
(Di′′ED
j′
E +D
i′′
MD
j′
M )ǫijk. (50)
In the past, the imaginary part of the world-line vetor, ξiI , has been identied[16,
10℄ with the intrinsi spin assoiated with the asymptoti metri via the rela-
tionship
Si = MBcξ
i
I . (51)
We then see, from Eq.(44), that the initial value of ψ0k1 , i.e.,ψ
0k
1(0) is propor-
tional to the (onstant) spin
MScξ
k
I = −
c3ψ0k1(0)
6
√
2G
= Si. (52)
so that the angular momentum, Jk, in Eq.(49), onsists of the sum of three
terms, the intrinsi spin, Si, a ompliated term involving the integral over
quadrati derivatives of the dipole moments and an unusual term proportional
to the derivative of the magneti dipole moment,
2
3c
−1qDk′M .
4 Minkowski Bakground Perturbation
We now onsider an alternative perturbation sheme, namely perturbations o
Minkowski spae-time. The gravitating mass now enters into the alulation
as a rst order quantity in the mass term of the Weyl tensor omponent ψ02.
In the previous model the mass was large; now it will be small. Most of the
alulations of the previous setion are essentially idential in this framework,
so we an proeed quikly toward the null rotation alulations where new results
do appear.
4.1 Radial and Non-radial Bianhi Identities
One again, we set ψ0 = 0 so that our solution is driven purely by the per-
turbative quantities. The radial Bianhi identities are simply those in at
Minkowski spae-time. The results of their integration are the same as those
obtained earlier[2℄ (but now with the addition of a Coulomb harge) or by setting
MS = 0 in Eqs.(4).
At the leading order in r, this yields radial behavior equivalent to that found
in the preeding setion. The non-radial integrations give virtually idential
results:
ψ01 = ψ
0 k
1 Y
1
1k + 3kc
−2DiD¯j′′Y 12ij , (53)
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ψ02 = Υǫ +
(
2kq
c2
D¯k′′ +
√
2
2c
ψ0 k′1 +
2ki
c3
D¯i′′Dj′ǫijk
)
Y 01k (54)
+
√
2k
c3
(
(DiD¯j′′)′
2
+
D¯i′′Dj′
3
)
Y 02ij ,
ψ03 =
(√
2ki
c4
D¯i′′Dj′′ǫijk +
2
√
2ki
c4
(Di′D¯j′′)′ǫijk − c−2ψ0 k′′1
)
Y −11k (55)
−2
√
2kq
c2
D¯k′′Y −11k + kc
−4
(
1
3
D¯i′′Dj′′ − (DiD¯j′′)′′ − 2
3
(Di′D¯j′′)′
)
Y −12ij ,
Υ˙ǫ =
√
2Υ′ǫ =
4k
3c3
Di′′D¯j′′δij , (56)
ψ04 =
√
2kc−5
(
(DiD¯j′′)′′′ +
2
3
(Di′D¯j′′)′′ − 1
3
(D¯i′′Dj′′)′
)
Y −22ij , (57)
ψ0 k′′1 =
√
2kc−2i[(D¯i′′Dj′′)ǫijk + 2(D
i′D¯j′′)′ǫijk + 2iqcD¯
k′′′]. (58)
We have denoted the mass term of the perturbation as Υǫ to indiate that
it is a rst-order, perturbative quantity whih arises as an integrating fator in
ψ02. The absene of the Shwarzshild mass is the essential hange from the
previous setion. We now obtain the reality onditions for this new alulation.
4.2 Reality Conditions
As ψ04 has not hanged from that obtained in Setion 3.1, it follows that the
value of the spin oeient σ0 will remain that given in Eq.(25), so the Bondi
mass aspet is simply given as:
Ψ = Υǫ + (
2kq
c2
D¯k′′ +
√
2
2c
ψ0 k′1 +
2ki
c3
D¯i′′Dj′ǫijk)Y
0
1k (59)
+
√
2k
6c3
∫
(Di′′D¯j′′)durY
0
2ij ,
and onsequently, the reality onditions are little hanged from those of Setion
3.2. One again, the l = 2 ondition is trivially satised, while the Bondi mass
and linear momentum are given respetively by:
Υǫ = Υ¯ǫ = −2
√
2G
c2
MB (60)
Ψk = −6G
c3
P k = [
2kq
c2
Dk′E +
√
2
2c
ψ0 k1R −
2k
c3
(Dj′MD
i′
E)ǫijk]
′
. (61)
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The reality of the l = 1 oeient of Eq.(59) again yields:
ψ0 k′1I = 2
√
2kqc−1Dk′′M − 2
√
2kc−2(Di′′E D
j′
E +D
i′′
MD
j′
M )ǫijk. (62)
Aside from Eq.(60) these are idential to those obtain in the prior setion.
4.3 Null Rotations and Equations of Motion
It is in our attempts to understand the physial ontent of our equations, i.e.,
onservation laws, the denition of angular momentum and spin, and equations
of motion for omplex enter of mass and harge world-lines that the present per-
turbation sheme departs from that of the Shwarzshild bakground. In par-
tiular, using the same stereographi angle eld L(u, ζ, ζ¯) desribed in Eq.(39)
and applying it to the null rotation of ψ01i given in Eq.(42), we obtain (sine
MB, q and ξ
k
are rst order) the seond order relation:
0 = ψ0k1 +
6
√
2G
c2
MBξ
k
(63)
or deomposed as
ψ0k1R = −
6
√
2G
c2
MBξ
k
R (64)
ψ0k1I = −
6
√
2G
c2
MBξ
k
I (65)
Taking the prime derivative of Eq.(65) and inserting it into Eq.(62) we obtain
after simpliations, again the lassial onservation law of angular momentum[4℄,
(MBcξ
k
I +
2
3
c−2qDk′M )
′ =
2
3c4
(Di′′ED
j′
E +D
i′′
MD
j′
M )ǫijk (66)
Jk′ = ang.mom.flux
with the identiations
Sk = MBcξ
k
I , (67)
Jk = Sk +
2q
3c
Dk′M . (68)
This an be onsidered as the evolution equation for the spin, Sk.
In order to obtain the dynamial law for the (real) enter of mass ξkR, we
rst note, from Eq.(64), that
MBξ
k′′
R = −
c2
6
√
2G
ψ0k′′1R .
Then, with the use of Eq.(22), i.e.,
13
ψ01
k′′
R =
√
2kc−2[2(Dj′MD
i′
E)
′′ −Di′′EDj′′M ]ǫijk − 2
√
2kc−1qDk′′′E , (69)
it beomes
MBξ
k′′
R = −
2
3c4
[(Di′ED
j′
M )
′′ − 1
2
Di′′ED
j′′
M ]ǫijk +
2q
3c−3
Dk′′′E , (70)
a 2
nd
order dierential equation for ξkR, an equation very muh resembling New-
ton's 2
nd
law.
Remark Note that if the eletri dipole moment had the form DkE = qξ
k
R,
i.e., if the enter of harge was the same as the enter of mass, the last term
would be exatly the lassial radiation reation fore [14℄.
Returning to the Bondi linear momentum, Eq.(61), after simpliation and
the use of Eq.(64), beomes a dynamial expression for the momentum:
P k = MBξ
k′
R −
2
3
c−3qDk′′E +
2
3
c−4(Dj′MD
i′
E)
′ǫijk. (71)
The dynamial or ux expression for momentum loss is obtained by taking the
prime derivative of Eq.(71) and eliminating the ξk′′R by using Eq.(70), i.e.,
P k′ =
1
3
c−4Di′′ED
j′′
M ǫijk. (72)
whih is just a dierent form of Eq.(70).
4.4 Physial Interpretation
We thus see that to seond order in the perturbation, the imaginary part of the
enter of mass world-line leads to exatly the same equation for the radiated
angular momentum as in the Shwarzshild ase but, now, with a rst-order
(smaller) mass we do obtain reoil. The (real) enter of mass (or the linear
momentum) satises a 2
nd
order evolution equation that is (similar to) Newton's
2
nd
law with a reoil fore and a radiation reation fore. In some sense we see
that general relativity ontains Newton's 2
nd
law of motion.
In both perturbation shemes there is an anomalous ontribution to the total
angular momentum, namely in Eqs.(49) and (68) we see the term proportional
to the rate of hange of the magneti dipole moment, i.e., D′M . This an be
onsidered as a predition though how to measure it is not lear.
The two perturbations shemes thus lead to dierent physial onsequenes.
5 Perturbed Metri
For ompleteness, we display, to seond order, the perturbed spin-oeients
and metri for the Shwarzshild bakground alulation. This metri, given
in Bondi oordinates, is obtained by integrating the Bianhi identities, then
integrating the spin oeient and metri equations and nally onstruting
the metri[2℄. To begin, we display the leading-order radial behavior for the
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spin oeients; the more ompliated terms are bundled together and given in
the Appendix.
κ = ε = π = 0 (73)
ρ = −1
r
− kφ
0
0φ¯
0
0
3r5
(74)
σ =
σ0
r2
(75)
τ = − ψ
0
1
2r3
+Sτ (76)
α =
α0
r
− β
0σ¯0
r2
+Sα (77)
β =
β0
r
− α
0σ0
r2
− ψ
0
1
2r3
+Sβ (78)
γ = − ψ
0
2
2r2
+
ð¯ψ01
3r3
+Sγ (79)
λ =
λ0
r
+
σ¯0
r2
+Sλ (80)
µ = −1
r
− ψ
0
2
r2
+
ð¯ψ01
2r3
+Sµ (81)
ν = −ψ
0
3
r
+
ð¯ψ02
2r2
− (ψ¯
0
1 + ð¯
2ψ01)
6r3
+Sν (82)
Non-radial integrating fators in these expressions an be determined from
the relations:
α0 = −β¯0 = −ζ
2
, (83)
λ0 =
√
2σ¯0′,
σ0 =
√
2k
2c3
[
1
3
∫
(Di′′D¯j′′)dur − (D¯iDj′′)′ − 2
3
(D¯i′Dj′′)
]
Y 22ij .
ψ03 =
√
2ðσ¯0′,
ψ04 = −
√
2λ0′ = −2σ¯0′′
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It is useful to dene an auxiliary bundled expression, A, whih enters into
the metri expressions:
A =
ð¯ψ01 + ðψ¯
0
1
6r2
− kq
2
r2
− kq
(√
2(Di′ + D¯i′)
r2
+
Di − D¯i
3r3
)
Y 01i (84)
−k
(
10Di′D¯j′
9r2
− (1 + 7
√
2)(DiD¯j)′
27r3
+
13DiD¯j
45r4
− 8
√
2GMSD
iD¯j
45c2r5
)
δij
−ik
(
2DiD¯j′ − (DiD¯j)′
3r3
)
ǫijkY
0
1k − k
(
2Di′D¯j′
3r2
+
5
√
2DiD¯j′
18r3
)
Y 02ij
−k
(
(1− 4√2)(DiD¯j)′
108r3
− 7D
iD¯j
90r4
+
2
√
2GMSD
iD¯j
45c2r5
)
Y 02ij .
The full ovariant metri to seond order in the Shwarzshild pertur-
bation, takes the form
gab =


g00 1 g0ζ g0ζ
1 0 0 0
g0ζ 0 gζζ gζζ
g0ζ 0 gζζ gζζ


with:
g00 = 2 +
2
r
(Υǫ − 2
√
2GMS
c2
) +
√
2
2r
(ψ0k′1 + ψ¯
0k′
1 )Y
0
1k (85)
−2ik
r
(Di′D¯j′)′ǫijkY
0
1k − 2A
+
k
r
(
√
2
2
(DiD¯j′′ + D¯iDj′′)′ +
√
2
3
(Di′D¯j′)′)Y 02ij ,
gζ0 = P
−1[ð¯σ0 +
2ψ0k1 Y
1
1k
3r
− 2kqD
iY 11i
r2
] (86)
− ik
P
(
2DiD¯j′
r2
− 4
√
2DiD¯j
15r3
)ǫijkY
1
1k
+
k
P
(
2DiD¯j′′
r
− 4
√
2DiD¯j′
3r2
+
4DiD¯j
15r3
)Y 12ij ,
gζ¯0 = P
−1[ðσ¯0 +
2ψ¯
0k
1 Y
−1
1k
3r
− 2kqD¯
iY −11i
r2
] (87)
+
ik
P
(
2D¯iDj′
r2
− 4
√
2D¯iDj
15r3
)ǫijkY
−1
1k
+
k
P
(
2D¯iDj′′
r
− 4
√
2D¯iDj′
3r2
+
4D¯iDj
15r3
)Y −12ij ,
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gζζ = −2σ
0r
P 2
, gζ¯ζ¯ = −
2σ¯0r
P 2
, (88)
gζζ¯ =
−r2
P 2
. (89)
and
P ≡ (1 + ζζ¯).
The orresponding metri for the perturbation o of the Minkowski bak-
ground is easily obtained from these results.
6 Disussion
We begin with a mea ulpa. In this work we started with two given vauum
metris, the Shwarzshild and Minkowski metris and then `drove' or perturbed
them both with a `small' Maxwell eld. In one ase there was a `large' mass
while in the seond ase the mass was `small'. There was no systemati attempt,
by omparisons, to dene small or large quantities; there was no small param-
eter for a series expansion. By 'small' we meant it to be as small as needed
for a physial eet; or as large as was needed for a dierent eet. The idea
behind the two perturbation shemes was purely heuristi. We wanted to see,
in a rough sense, within the ontext of the Einstein equations[10℄, what would
be the physial responses of the reently dened (omplex) enter of mass of
massive systems (with dierent size masses) to an eletromagneti perturbation.
In addition to the totally expeted result that the large mass objet did not ex-
periene any reoil while the small objet did experiene reoil, we obtained a
variety of onomitant physial results. The imaginary part of the (omplex)
enter of mass world-line ould be identied with the eletrodynami indued
internal spin angular momentum that satises the lassial (angular momen-
tum) onservation law. There was an eletromagnetially indued gravitational
radiation as well as linear momentum loss. We obtained expliit equations of
motion for the enter of mass that have the form of Newton's 2
nd
law.
The results presented here, in the two dierent models, are in total agree-
ment with well-known lassial Newtonian and eletrodynamis eets. They
however go beyond these known results. They give a onrmation of the physi-
al ideas developed purely in the ontext gravitational theory (general relativity)
for the identiation and the assoiated dynamial response of ertain geomet-
ri strutures that arise naturally. The most important of them is the speial
lass of null geodesi ongruenes, the shear-free (or asymptotially shear-free)
null geodesi ongruenes. It is their very existene that yields or provides the
omplex Minkowski world-lines that beome our omplex enter-of mass whih
then yield our angular momentum expressions.
As a nal omment we point out that the perturbed spae-times desribed
here ontain, as speial ases, both the Kerr and the harged Kerr metris as
17
perturbations o Shwarzshild. They our when the eletromagneti dipoles
are `shut o', i.e., when Di = 0.
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9 Appendix
9.1 Radial Behavior of the Weyl Tensor
Below are the full expressions for the bundle terms (Ai) given in Eq. 5-8:
A1 = −5k
r5
[2qDiY 11i + 2
√
2DiD¯j′(
i√
2
ǫijkY
1
1k +
1
2
Y 12ij)] (90)
+
6kDiD¯j
r6
(
i√
2
ǫijkY
1
1k +
1
2
Y 12ij)
A2 = − ð¯ψ
0
1
r4
+
2kq2
r4
+ kq(
2
√
2(Di′ + D¯i′)
r4
+
10Di − 2D¯i
3r5
)Y 01i (91)
+2k(
Di′D¯j′
r4
− (1 + 4
√
2)(DiD¯j)′
9r5
+
10DiD¯j
9r6
− 8
√
2GMSD
iD¯j
3c2r7
)δij
+ik(
12DiD¯j′
3r5
+
(4 +
√
2)(DiD¯j)′
6r5
−
√
2DiD¯j
r6
)ǫijkY
0
1k
+k(
4Di′D¯j′
3r4
+
30
√
2DiD¯j′ + (1 + 2
√
2)(DiD¯j)′
18r5
)Y 02ij
−k(10D
iD¯j
9r6
− 2
√
2GMSD
iD¯j
3c2r7
)Y 02ij
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A3 = − ð¯ψ
0
2
r3
+
ð¯2ψ01
2r4
− 2kqD
i′′
r3
Y −11i (92)
+2kq(
(1 + 7
√
2)Di′ + 6
√
2D¯i′
3r4
+
(11Di + 12D¯i)
18r5
− 2
√
2GMSD¯
i
c2r6
)Y −11i
+ik(
2Di′′D¯j′
r3
− 2
√
2Di′D¯j′ + (2− 2√2)(D¯iDj′)′
3r4
)ǫijkY
−1
1k
+ik(
(34−√2)(DiD¯j)′ −DiD¯j′
9r5
+
5
√
2D¯iDj
4r6
− 56GMSD¯
iDj
5c2r7
)ǫijkY
−1
1k
−k(
√
2Di′′D¯j′
r3
− 20D
i′D¯j′ +
√
2(D¯iDj′)′
3r4
)Y −12ij
−k(37
√
2Di′D¯j + (3− 49√2)(DiD¯j)′
18r5
+
23DiD¯j
12r6
)Y −12ij
+
2
√
2Gk
c2
(
√
2MSD¯
iDj′
r6
+
16MSD
iD¯j
5r7
)Y −12ij
A4 = − ð¯ψ
0
3
r2
+
ð¯
2ψ02
2r3
− ð¯
3ψ01
6r4
(93)
−k(3
√
2Di′′D¯j′ + 2(Di′′D¯j)′
r3
− (16
√
2− 72)(Di′D¯j)′
9r4
−128D
i′D¯j′
9r4
+
(24− 107√2)(DiD¯j)′ − 25√2Di′D¯j
36r5
+
47DiD¯j
15r6
+
240GMSD
i′D¯j
15c2r6
− 38
√
2GMSD
iD¯j
5c2r7
)Y −22ij .
9.2 The Spin Coeients
The following are the full expressions for the Si given in Setion V for the spin
oeients in the Shwarzshild bakground perturbation:
Sτ =
8kqDi
3r4
Y 11i + ik(
8DiD¯j′
3r4
−
√
2DiD¯j
2r5
)ǫijkY
1
1k (94)
+k(
4
√
2DiD¯j′
3r4
− D
iD¯j
2r5
)Y 12ij
Sα = −2kqD¯
i
3r4
Y −11i + ik(
2D¯iDj′
3r4
−
√
2D¯iDj
4r5
)ǫijkY
−1
1k (95)
−k(
√
2D¯iDj′
3r4
− D¯
iDj
4r5
)Y −12ij +
kα0φ00φ¯
0
0
12r5
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Sβ =
10kqDi
3r4
Y 11i + ik(
10DiD¯j′
3r4
−
√
2DiD¯j
2r5
)ǫijkY
1
1k (96)
+k(
5
√
2DiD¯j′
3r4
− D
iD¯j
2r5
)Y 12ij +
kβ0φ00φ¯
0
0
12r5
Sγ =
α0ψ01 + β
0ψ¯
0
1
6r3
− kq
2
r3
− kq(
√
2(Di′ + D¯i′)
r3
+
7Di − 5D¯i
12r4
)Y 01i (97)
−k(10D
i′D¯j′
9r3
− (1 + 7
√
2)(DiD¯j)′
18r4
+
26DiD¯j
45r5
+
2MDiD¯j
9r6
)δij
−ik(24D
iD¯j′ + (4 +
√
2)(DiD¯j)′
24r4
−
√
2DiD¯j
6r6
)ǫijkY
0
1k
−k(2D
i′D¯j′
3r3
+
(1 − 4√2)(DiD¯j)′ + 30√2DiD¯j′
24r4
− 7D
iD¯j
45r5
− MD
iD¯j
18r6
)Y 02ij +B
B ≡ −2kq
3r4
(α0DiY 11i + β
0D¯iY −11i )− ikα0(
8DiD¯j′
9r3
−
√
2DiD¯j
16r4
)ǫijkY
1
1k (98)
−kα0(4
√
2DiD¯j′
9r3
− D
iD¯j
16r4
)Y 12ij + ikβ
0(
8D¯iDj′
9r3
−
√
2D¯iDj
16r4
)ǫijkY
−1
1k
−kβ0(4
√
2D¯iDj′
9r3
− D¯
iDj
16r5
)Y −12ij
Sλ = k(
2Di′′D¯j
r3
− 4
√
2Di′D¯j
3r4
+
DiD¯j
2r5
)Y −22ij (99)
Sµ = −kq
2
r3
− kq(
√
2(Di′ + D¯i′)
r3
+
10Di − 2D¯i
9r4
)Y 01i (100)
−k(D
i′D¯j′
r3
− (2 + 8
√
2)(DiD¯j)′
27r4
+
5DiD¯j
3r5
− 8
√
2GMSD
iD¯j
15c2r6
)δij
−ik(4D
iD¯j′
3r4
+
(4 +
√
2)(DiD¯j)′
18r4
−
√
2DiD¯j
4r5
)ǫijkY
0
1k −
2
√
2kGMSD
iD¯j
15c2r6
Y 02ij
−k(2D
i′D¯j′
3r3
+
(1 + 2
√
2)(DiD¯j)′ + 30
√
2DiD¯j′
54r4
− 10D
iD¯j
36r5
)Y 02ij
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Sν = −ik(2D
i′′D¯j′
r2
− 8
√
2Di′D¯j′ +
√
2Di′′D¯j + (1−√2)(D¯iDj′)′
9r3
)ǫijkY
−1
1k (101)
−ik(8D
iD¯j′ + 6D¯iDj′ + (34−√2)(DiD¯j)′
36r4
− 7
√
2D¯iDj
20r5
)ǫijkY
−1
1k
−ik(8MD¯
iDj′
15r5
− 92GMSD¯
iDj
60c2r6
)ǫijkY
−1
1k + k(
√
2Di′′D¯j′
r2
)Y −12ij
−k(3D
i′′D¯j + 26Di′D¯j′ +
√
2(D¯iDj′)′
9r3
− 70
√
2Di′D¯j + (3 − 40√2)(DiD¯j)′
72r4
)Y −12ij
+k(
11c2D¯iDj − 16GMSD¯iDj′
60c2r5
− 54
√
2GMSD
iD¯j
60c2r6
)Y −12ij .
22
